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' Abstract: In this note, we study a Kahler-Ricci flow modified from the classic 

version. In the non-degenerate case, strong convergence at infinity is achieved. 
We also have partial results for some interesting degenerate cases. 

Q ■ 1 Set-up and Motivation 



Kahler-Ricci flow, which is nothing but Ricci flow with initial metric being 
Kahler, enjoys the same debut as Ricci flow in R. Hamilton's original paper 
|4|. H. D. Cao's paper, p], can be seen as the first one devoted to the study 
of Kahler-Ricci flow and the alternative proof of Calabi's conjecture presented 
there has been bringing great interest to this object. 

Though it is essentially Ricci flow, the cohomology meaning coming with 
Kahler condition makes it possible to transform it to a equivalent scalar flow 
0, which is much simpler-looking and more flexible to study. The discussion in 



• this note would hopefully give a flavor of the flexibility. 

■ Let wo be any Kahler metric over a closed manifold X (with complex di- 

OQ ' mension greater or equal to 2), and Woo is any smooth real closed (1, l)-form. 

Set ujt = LUco + e (u>o — lOoo) and consider the following flow over the level of 
metric potential for space-time: 



>< 



H 1 dt ° n 

where Q is a smooth volume form over X 



-log V -, «(0,-)=0, (1.1) 



Let ujt — iOt + y— Tddu and the corresponding flow on the level of metric is 
a little bit artificially looking as follows: 

^ = -Ric(w t ) + Ric(Q) - e^*(uj - uj x ), lu = Wo, (1-2) 

where the meaning of the form, Ric(r2), as in [S], is a natural generalization 
from the Ricci form for a Kahler metric, i.e., using the volume form fi instead 
of the volume form for some Kahler metric in the expression of Ricci form from 
classic computation in Kahler geometry. 

1 This statement makes use of the uniqueness and short time existence results of Ricci flow. 
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Remark 1.1. The equation \1.2]) doesn't look so natural at the first sight when 
7^ Wqo, but it's essentially still a Kahler-Ricci flow, and the extra term in 

comparison to the flow studied in J7]/ ; which is exponentially decaying, should 

not bring too much difference in spirit. 

Our motivation to study this flow is to solve the following complex Monge- 

Ampere equation 

(woo + sf-idduooY = n, 

using flow techniques. This has been done in the case of [woo] being Kahler in 
fiy, which provides another proof of Calabi 's conjecture. 

One can also solve it for some degenerate [woo] (semi-ample and big) by 
method of continuity using other (more direct) perturbation, which seems to be 
less delicate than Kahler-Ricci flow as described in J15f and UOjj . 

The point is to allow the change of cohomology class along the flow, which is 
important in the consideration of [woo] being degenerate as a Kahler class. The 
modification of original Kahler-Ricci flow by such a term as above is inevitable 
from simple cohomology consideration. 

Our results can be summarized in the following theorem. 

Theorem 1.2. The modified Kahler-Ricci flow (1.1) (or (1.2) equivalently) ex- 
ists as long as the cohomology class, [uJt] remains Kahler. 

1) When [ujoo] is Kahler, the flow converges exponentially smoothly to the 
unique solution of the corresponding Monge- Ampere equation; 

2) When [woo] is semi-ample and big, we have degenerate estimates on the 
metrics along the flow out of the stable base locus set of [w^] uniform for all 
time and the volume form, uj t , is bounded from above and away from along 
the way. 

3) When [uioo] is "only" big, i.e., the flow exists up to a finite time T , and 
[lut] is semi-ample, we have local smooth convergence of the flow out of the 
stable base locus set of [lot]- 

The rest part of this note will be devoted to the proof of this theorem. 
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2 General Facts and Basic Computations 



The equation (1.1) is clearly still parabolic, and so short time existence and 
uniqueness is not a problem. It's also easy to see that the smooth solution ex- 
ists as long as [uj t ] remains Kahler as already being described in [15) . Simply 
speaking, when arguing locally in time for this range, uj t can be made uniform 
as metric which makes life very easy to follow Cao and Yau's argument as in [T] 
and [15] . So the existence part of Theorem 1.2 is justified. 

Convergence, or estimate uniform for time, is our main concern now. For 
all the expressions below, C would be a positive constant (fixed for each place) . 
Let's list some basic computation from (1.1) in the following. 

d . du . . _ duj t , . , du . _ t . _ . 

dl { m ] = {uJu -aT } = A - ( dt } ~ e ~ {uJt ' w ° " " oo) - 

d d 2 u d 2 £j tx f du t duj t . z^ 2 ", , -t,~ \ 

^(^) = <<*. -fir) - < a -(^j) + e ~ "oo). 

Take summation of the above two and apply standard maximum principle ar- 
gument to get: 

d .du . „ 

and from this, it's easy to see 

which gives the measure bound for w™ = eotQ. This allows us to apply the 
results of Kolodziej's (as in [7] and [5]) and our generalization (as in [T3]) in 
respective situation of [u>t], which provides the uniform bound for the metric 
potential along the flow after routine normalization in the cases under study. 

Remark 2.1. Even in the case of [woo] being Kahler, the result from pluripo- 
tential theory as in J^j is used for the normalized metric potential bound, so the 
logic line of our argument is not quite the same as that in JTjj. It would also 
be interesting to see whether the original argument of Cao's can also be carried 
through with fewer changes. 

We also need to derive some kind of low bound for ^ in search of the possible 
metric bound (coming from volume and Laplacian controls). 
The following equation would be very useful later: 

d ,du .du . du , . . 

di i lK +u) = A ^m +u) - n+ m +{ ^ ) - (2 - 1} 
3 a Baby Version 

Let's start with the situation when there is no degeneration on the cohomology 
classes, i.e., [c^oo] is also Kahler. This is the first case in our main theorem, 
which could be seen as a natural generalization of Cao's work mentioned before 
after allowing the change of cohomology class along the flow. 
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3.1 Uniform Estimates and Global Existence 



Global existence of the flow only needs estmates local in time as mentioned 
before. Now we have to go for estimates uniform for all time. The most essential 
part is the C° estimates. Up to now, there is only the lower bound for ^ left 
to be obtained. 

At first, let's assume > 0, which will not change the problem in any 
essential way. We'll remove this simplification later. 

As mentioned before, by the measure bound from the previous section, we 
already know that 

where v = u — J x uSl. We have assumed J x O = 1 for simplicity of notation. 
We also know 

dv du f du „ du 



_fi > C 

dt dt J x dt " dt 

from the upper bound of and so the lower bound of ^ would give that for 

dv 
dt ■ 

In fact the inverse is also true as (2.1) can be modified to be: 

d .du . .du . dv . 

-(- +v) = A* ( W + «) - n+ - + KoU- 

Assuming ^| ^ — C, we can get a lower bound for ^ by applying maximum 
principle as H. Tsuji did in [11 using the control of volume by the control of 
trace, which is nothing but the classic algebraic-geometric mean value inequality. 
But we can actually do better by the following more delicate maximum principle 
argument. 

Consider the minimum value point, p, for ^f+v for X x [0, T] with any fixed 
< T < oo. As usual, we only need to study the case when that point is not at 
the initial time since the situation for the initial time is well under control. At 
p, we have: 

Ot cu t est il 

and so (1 - ifl)" • etr > C > 0. Using ff ^ |f - C, one arrives at: 

(C-^)". e w >C>0 

with C — ^ > 0, which gives ^ ^ — C at p. The uniform bound for v thus 
gives the lower bound of ^ over X (and also for §f) fr om the bound at p. 

There is another way of doing the maximum principle argument which might 
seems to be more direct in this case. This is also a very classic point of view 
when studying the flow. Basically, we examine the evolution of space-direction 
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extremal value along the flow. This function, now only depending on time, 
would be (locally) Lipschitz simply by going through the definition, and so it'll 
be legitimate to consider the first order ordinary differential inequality. 

This kind of argument, in spirit, would be more delicate than what we used 
before. But actually for the differential inequality of interest here, the study 
would be as rough as before. Let's illutrate the idea below. 

Set A(t) = minxx{t}(§! + v). Let's also take some x(t) where the value A(t) 
is achieved, but we do not assume (or need) any regularity of x(t) with respect 
to t. 

Using the sign of Laplacian, we can derive the differential inequality for the 
function A(t) as follows 

dA dv 

~dt ^ ~ n+ ~di( x (ty + (^t,^oo)(x(t)) 

^- C +(^+ v)(x(t)) + Ce-(w+")(*M) 
= -C + A + Ce- A . 

From this inequality, we can see that when A is sufficiently small (i.e., very 
negative), 4j£ would be big (i.e., very positive). It won't be hard to get a lower 
bound for A from this mechanism. All the pieces from the previous argument are 
also used here, but this looks more straightforward (for people good at playing 
with ODE). 

Remark 3.1. Clearly, in the degenerate version of maximum principle as what 
will appear later, this point of view still works as long as the point x(t) is in the 
regular part. 

Then using classic second order estimate, we can have uniform control for the 
trace of tD t (i.e., Lapacian). And so, together with the volume lower bound from 
the bound of we have them controlled uniformly as metric. Finally, high or- 
der derivatives are also uniformly controlled using classic estimates for parabolic 
PDE's (including Yau's computation and parabolic Schauder estimates). These 
are very standard arguments for the situation here. 

Now let's remove the assumption that w^, > 0. We always have u>oo + 
<i/—lddf > for some smooth function / over X as is Kahlcr. Also recall 
that wt = t^oo + e~*(ojo — Woo)- Let's now set 

tr,._ i. . , . r~raa f\\ i 1 1 



u> t = (lo^ + V^lddf) + e-> - (woe + V^lddf)) = u t + (1 - e^V^lddf, 



and clearly u) t = u> t + ^/~^ldd{u — (I — e~ l )f). Define w = u — (1 — e~*)/ and 
we have <D t = Q t + yf^lddw. Clearly ^ = — e~*/ and taking t-derivative 
gives 

|(^) = Aa t (^) - e-'fa, wo - woo - sf^lddf) + e"*/. 
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Just as before, we need the following transformation of the above equation 
d ,dw . . ,dw , , — ;-„=.. dw 



where w) is the normalization of w just as v for u before. 

We can now apply maximum principle for the above equaton at the (local 

dw 
di 



in time) minimum value point of ^ + w. At that point (if not at time 0), we 
have 

n - > e-tf + (ut^ao + s/^Tddf). 
Without loss of generality, we can make sure / > 0. So now one arrives at 

n - ^ ^ (Qt, Woo + yf-Lddf) 

> n -\ ™ ) = n -{ ^rr ) >0, 

which gives (1 - ±ff )" • eir > C> 0. We also have ff>if-C>§f-C, 



so we can have 



with C — ^jjr > 0, and still conclude that fjr ^ — C at that point, and so 
ff Si -C there. 

It's rather clear that \w\ ^ C from the estimates for v before since we do 
not need Woo > there yet. Hence we see 4^ + w #s — C globally, which gives 
the uniform lower bound for 4^ and so for % (as they differ only by a bounded 
term e _t /). 

The argument for uniform higher derivatives is as standard as before. 

Remark 3.2. The main philosophy of the above argument is that a choice of 
representative in a class boils down to terms like f or e - */ for smooth func- 
tion f over X which is clearly controlled along the flow and so should not bring 
any trouble. This observation is also useful when trying to apply Yau's Lapla- 
cian estimate (as in \T^) to get second order derivative control for the current 
situation. 

Up to now, we have got the global existence of the flow and the uniformity of 
the estimates allows us to use the classic Ascoli-Azela's Theorem to get conver- 
gence for sequences of metrics along the flow. Just as in Cao's work, we should 
head for stronger convergence as discussed in next subsection. 



3.2 Convergence 

H. D. Cao's argument in [T] for convergence using Li- Yau's Harnack Inequality 
should be easy to get carried through here as for the equation: 

d du du. _ f . _ . 
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since (uj t , u>o ~~ &oo) has been uniformly controlled, and so the extra term in com- 
parison to Cao's situation is exponentially decreasing. Let's ilustrate some main 
points when adjusting his argument to the current situation in the following. 

For the exponential decreasing of the oscillation of we'll use Cao's argu- 
ment for the following family of auxiliary functions: 

3 On 
(--A Qt )cp To =0, 4> To (T Q ,.) = —(T ,.) 

over [T ,oo) x X where T G [0, oo). As we have already got the uniform 
estimates for ^ and Cj t , using Li-Yau's Harnack Inequality as Cao did, we have 

oscxMt) ^ Ce~ a{t ~ Ta \ t e [T ,oo) 

where the positive constants are uniform for all T as the metric control is uniform 
for all time. 

Using the uniform estimates along the flow as mentioned before, we have 
( __ Aa)( _ + Ce-) < 0, 

( l_ a „ )( g_ Ce -. )J0 . 
We also have the following equations 

(^-A Lit )(0 T _o + C e - To ) = O, 

(^-A it )(4> To -Ce- T °) = 0. 
Comparing them and applying maximum principle, we get the decreasing of 

max x (— + Ce~ l - 4>t - Ce^) 

and the increasing of 

min x (^ - Ce-* - <h + Ce~ T " ) 

as time increases (starting from the time To). 

The values at t = T for both quantities are 0, so we have for t € [T , oo), 

^^fo+Ce-T'-Ce-*, 
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Hence oscx §f ^5 oscx0r o + Ce T ° forte [To, 00 )- Using the result for (j>T 
stated above, we have osc x ff «S Ce- a{t - T °^ +Ce" To for t ^ T . Taking t = 2T 
and noticing this is uniform for all To, we finally arrive at 

osc x ^ < Ce~ at 
at 

for all time. Here the a should differ from the previous one, but it's still a 
positive constant. 

This is exactly one of the essential results needed to draw the convergence 
for t — > oo as in Cao's. 

Set ip = ^ — j^n* ■ Clearly its difference from ^ is controlled by Ce~ at , 
but it is more convenient for the following consideration. 
We can have similar computation as in [T], for the energy, 

E= [ tfQ?, 

to derive a differential inequality for it. There are more terms coming out than 
Cao's case, but they will all be terms controlled by Ce™' using the uniform 
estimates along the flow. Notice that though the volume is also changing along 
the flow, the variation is also well under control. In all, we get 

^^-CE + Ce- 1 
at 



for large t. The reason to get only for large t is that we need the smallness of 
ip from the control of oscillator of ^ . From this differential inequality, we can 
still conclude the exponential decaying of E. 



The final computation and argument of Cao to derive the L 1 convergence 
of the normalized metric potential can be carried through line by line in sight 
of the above results. Indeed, we can also justify the exponential convergence of 
the flow with little extra effort (just as what is in [Po]). 

Remark 3.3. In this situation, we now have a somewhat natural flow from 
one Ricci-flat metric to another Ricci-flat metric ( in different Kahler classes of 
course) when c\{X) — 0. Just need to choose fl such that Ric(O) = for the 
flow. 



4 Main Interest: Degenerate Case 

Of course, our main interest is when [uJoo] is degenerate as Kahler class. In 
[15] , we have discussed the corresponding Monge- Ampere equation using other 

2 In fact, the exponential decaying of E can be deduced from the decaying of the oscillation 
of in a more direct manner. But Cao's method above applying the differential inequality 
is more delicate and can easily be adjusted for higher order Sobolev estimates. 
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perturbation for method of continuity. Now we want to see whether the modified 
flow can help us to construct a solution for the Monge- Ampere equation (as the 
limiting equation). At this moment, our manifold X is assumed to be projective 
to get into algebraic geometry context for the notions of semi-ample and big. 

As discussed before, we have the existence of the smooth flow as long as [uj t ] 
remains Kahler. There are two cases, i.e., up to infinite time and up to finite 
time. We discuss them separately and finish the proof of the theorem. 



4.1 Infinite Time Case 

Let's assume here that [u>oa] is semi-ample and big. We still have the L°° bound 
of the normalized metric potential v as before using the result on degenerate 
Monge-Ampere equation (from [5] and [H]). Now (2.1) can be modified as: 

d du> du dv — 

di ( dt + u ~ el °gl fT | 2 ) = ^ t (-^+v-dog\a\ 2 )-n+ — + (^ t ,u; oc +eV^Tdd\og\a\ 2 ) 

with + eV~1991og|fj| 2 > 0, where the positive e can be as close to as 
possible. The introduction of a singular term like this, as far as I know, was 
initiated by Tsuji in |llj . which gives a natural and simple description of an 
algebraic geometry fact in analysis of the related PDE's. 

The following classic results from algebraic geometry are useful for us. See 
in [5] and [6] for related discussion. The second one is called Kodaira's Lemma 
as in [T2] and will be applied for the finite time case later discussed. The point 
of view for translating these results to the analytic statement as above is very 
standard as described in [3]. 

Lemma 4.1. Let L be a divisor in a projective manifold X. If L is nef. and 
big, then there is an effective divisor E and a number a > such that L — eE 
is Kahler for any e £ (0, a). 

Lemma 4.2. Let L be a divisor in a projective manifold X. If L is big, then 
there is an effective divisor E such that L — eE is Kahler for e £ (a, b) where 
s$ a < b < oo. 

Similar argument as before would give a degenerate lower bound d as 

^^-c + dogH 2 . 

Basically, we still have % ^ ^ — C. Then considering the minimum value point 
of the term naturally considered by the equation above, we know ^ could not 
be too small at that point using the contradiction as for the baby version, which 
would essentially give the bound claimed above. 



3 The positive constant C below might depend on the other positive constant e. Hopefully, 
this won't bring any confusion. 
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Now the degenerate second order estimate and high ones would still be OK 
by the standard procedure. More specifically, for the second order estimate, one 
considers the following equation 

(u> t + eV^lddlog | cr | 2 + y/=ldd{v - elog|ff| 2 )) n = e&fi. 

Applying Yau's computation in [13 and using degenerate maximum principle 
argument as in [9], we can get the degenerate Laplacian bound. Combining 
with the degenerate control for volume, we have achieved local (or degenerate) 
bound for metrics along the flow. 

The treatment for higher derivatives would be standard. We provide some 
details at the last section. 

Remark 4.3. There is a big difference from the situation in which we want 
to point out. The metric potential along the flow can be bounded (though in a 
degenerate way) simply from the flow argument, but we can not do that here at 
this moment. The bound for (normalized) metric potential is coming from results 
proved by arguments in pluripotential theory. That's why we need semi-ample 
( not just nef.) here. 

Though our estimates are uniform for all time now, which gives sequence 
convergence for the flow, there is still this big issue about convergence along 
the flow which is crucial to describe the limit itself. As discussed in the baby 
version, the counterpart in [1] makes use of Li- Yau's Harnack Inequality, which 
can be applied for the non-degenerate case as before. But the situation right 
now is very different. It seems to me that new method needs to be introduced 
for this purpose. Let's make the conjecture about the flow convergence. 

Conjecture 4.4. For [woo] semi-ample and big, as t — > oo, this modified Kdhler- 
Ricci flow converges weakly over X and locally smoothly out of the stable base 
locus set of this cohomology class to the unique (bounded) solution of the limiting 
degenerate Monge-Ampere equation. 

We can prove that for infinite time case, the volume form has uniform lower 
bound for all time as stated in Theorem 1.2. This might help to get the con- 
vergence of the flow and is also a nice application of a similar result for the 
following more canonical Kahler-Ricci flow. 

Set cu t — u} t + \Z^ldd(f). In the level of potential, consider the flow 

The corresponding flow in the level of metric is the following, 

^ = -Ric(w t ) + Ric(O) - u t + Wqo, ^>o = u Q . 
at 



4 In fact, one only needs the uniform upper bound of ^ to carry through the Laplacian 
estimate by noticing the dominance of e n T5t over — ^ when ^ is small. 
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In the case, we have [u)aa] is big and semi-ample, so as discussed in [5] and 
[15] . the following controls are available, d 

M<<7, |||<C, 

which give a lower bound for the volume form u) t for all time and we are looking 
for a similar thing for 

Remark 4.5. TTie uniform volume lower bound is a pretty interesting fact as 
the class [woo] is not Kahler, but somehow we have that [woo]™ > also makes 
sense in a pointwise fashion. 

Let's recall the following equations used before for the flow considered in 
this note, v is the normalization of u as before. 

d .du. . ,du. _ f , 

d du du . . _ . 

c^ ( ^ )=A( ^ +v) " n+(u;t '" oo) - 
Fix some constant Ti > 0, product the first equation with e~ Tl and taking 
the difference of them, we have 

- e- Tl )^) = A((l - + «)-» + 

Now using the solution for the other flow, cf>, this equation can be transformed 
as follows 

" e~ Tl )^) = A((l - e- Tl )^ + « - # + TO) - n + (Q t , co t+Tl ) 

with some emphasize on the time parameter. The Laplacian is still with respect 
to the metric u> t . In similar spirit as before, we modify the equation to be 

l {{ l-e- T ^+v-t(t + T 1 )) = A((l-s- T ^+v-t(t + T 1 ))-n+f t 

g- t 1" {UuUt+Ti}' 

Let A = (1 — e~ Tl )^ + v — <j>(t+T\) and using the following known estimates 



one arrives at 



OA . . <9u _ „ is. 
— ^ AA+ — -C + C-e--^ 
ot ot 



Use similar maximum principle argument as before, one can conclude the 
lower bound for A, and so for which gives the lower bound for the volume 
form CjV-. 



5 The lower bound of -^r is in 1151 . Basically one makes use of the essential decreasing of 
the volume form and the fact that for infinite time limit, the derivative of potential has to go 
to (in the regular part). 
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Remark 4.6. The translation of time by T± makes the infinite time situation 
special. In comparison, we do not have uniform volume lower bound for finite 
time case for both flows (at least at this moment). 



4.2 Finite Time Limit 

Now we consider the case when [w^,] is only big. More specifically, the flow only 
exists up to some finite time T. We also require [wy], which is clearly nef. and 
big, to be semi-ample. @ 

Let's first consider the situation roughly. Those degenerate estimates would 
still be available, though the e can't be too small now in sight of Lemma 4.2. 
The advantage about finite time is that the metric potential u is (degenerately) 
bounded by itself (without normalization) using the bound for its time deriva- 
tive, and it'll also be decreasing after controllable normalization (by —Ct) in 
sight of the uniform upper bound for So as in [9], the (local) convergence 
for t — > T is achieved. 

This local convergence would be out of the "stable base locus set" of [w OT ]. 
Clearly, it would be more satisfying to get this with respect to [u>t]- We can 
do this in the same way in which we can also improve the result in [9] . Simply 
speaking, we can use a virtual time. Let's get the crucial estimate for ^ below. 

We can easily have the following two equations. 

d .du . .du . dv 

-(- + v) = A it (- + v) - n + - + K 

Take difference to get 

As before, take a for [lot] such that lot + eV~ l991og|cr| 2 > for any positive 
e small enough. Using it to perturb the above equation, one arrives at 

!«i-o£ + .-«w> 

= - e'- T )^ + v - ctog|<T| 2 ) -n + %- e'- T ^- + {C t ,u T + ev ^T331og 

at at at 

Set A = (1 - e*" T )^ + v - elog|cr| 2 . We can have, out of {a = 0}, 



1 Su 



Then let's do the maximum principle argument. Recall that the time t £ [0, T). 
At the minimum value point of A (assuming it is not at the initial time), which 



6 This is not such a horrible assumption as it is the case, when [w^] = Kx and [wo] is 
rational, from algebraic geometry results. 
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is clearly out of {a = 0}, we can see ^ can not be too small (negative). Thus 
A can not be too small there, either. That gives 

(l-e*- T )^+t;-elogH 2 >-C. 

The problem coming from the fact that 1— e*~ T would go to as t —* T can be 
solved by using a "virtual" time T e > T which satisfies wt £ +eV~ T<991og|cr| 2 > 
for some fixed e > 0. Then the same estimate 

which gives 

|^-C e + C e log|a| 2 . 

Notice that now the a is for the class [ojt] and so we can conclude the local 
convergence out of the stable base locus set of [lot] ■ 

One might also want to do the maximum principle argument in another 
flavor just as what is done for the baby version. We have to do it more carefully 
as follows. 

The differential inequality for A is 



dA . , „ ,„ t T du „ 
- >A , t A-C + (l-e^)- + Ce 



1 Ou 
-757 



One wants to change the last two terms to functions on A with the right 
direction of control. 

The last term can be treated with ease as e t ~ T %- — v + e log|cr| 2 C, but it 
won't be so easy for the other term as — elog|er| 2 can not be bound from above 
over X by any constant. In fact, the trick is to treat them together. 

Set B = (1 - e*" T )|f + v and we have 

(l-e*- r )^+Ce-ift>-C + fl + Ce-*. 

The function (over B), B + Ce~ B would be decreasing with respect to B for 
small enough B by derivative consideration. And so for B small enough (i.e., 
(1 — e*~ T )^ small enough), we can change B to A = B — elog|er| 2 and that 
should do it. 

The proof of Theorem 1.2 is finished. 



5 Higher Order Estimates 

We provide a short discussion on the degenerate third and higher estimates 
for Kahler-Ricci flow over a closed (algebraic) manifold, X. It works for the 
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modified flow here and others (as the one in [5] appearing in Subsection 4.2) 
with [uoo] being big. 

The flow equation on the potential level is 

^ = log n u ' w (°'-) = ' 

or without the — u term on the right hand side, where uj t — ^oo + e ~ t ( LU o ~ ^>oo) 
with wg being the initial Kahler metric, being a smooth representative for 
the (formal) infinite limiting class and f2 being a smooth volume for over . 
oj t — u! t + \J—lddu is the metric solution of the flow. 

The class [uJoo] is big and T ^ oo is the singular time from cohomology 
concern with [lot] being nef. and big. The following estimates are available: 

elogH 2 - C e < u s; C, C\og\a\ 2 - C < ^ < C, (w , «t) < C\a\~ l , 

where E = {a = 0} is a proper chosen devisor such that [lot] — eE is Kiihlcr. 
a is a holomorphic section of the line bundle, and so with a fixed hermitian 
metric, \a\ 2 is a smooth function valued in [0,(7]. 

The higher estimates are discussed briefly to achieve the full local regularity. 
Here we would like to go for the third order estimate a little more carefully. Then 
the rest follows from parabolic version of Schauder estimates in a standard way. 
Yau's computation in [13) is what we need. 

As in Yau's computation, the term S = g %3 g kl g mn u i i m Uj kn is considered, 
where the covariant derivative is with respect to uniform "background" metric. 

If the flow metric control is uniform, then the parabolic version of Yau's 
computation is 

(Aq, - %-)s > -c • s - a 

at 

To adjust the result, one only need to see the metric is controlled (uniformly 
in time) as follows 

\afuj ^u t ^ 

for large positive constant (3. 

Then we know by very carefully going through Yau's computation that 

M 2JV (A* t - ^)S > -c\a\ 2N -e ■ s - c 

with N chosen large enough to dominate all degenerate terms. 

Of course, now we want to see how |(r| 2Ar S' is acted by the heat operator. 
The only additional part is from the action of A^ t . There are two terms. One 
is clearly 2Re(V|cr| 2Ar , VS 1 )^ . The other one is Aa t \<r\ 2N ■ S. 

For the first one, VS = V(|a| 2A, 5-|a|- 2Ar ) = |<7|- 2JV V(|<t| 2JV S)-JV|<7|- 2 SV|<t| 2 . 
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For the second one, 



= 7V 2 |a| 2Ar |Vlog|a| 2 | 2 + N\a\ 2N (Q t , ^ldB\og\a\ 2 ) 
>-N\a\ 2N (u t ,-V=lddlog\a\ 2 ) 

Out of E = {a = 0}, — \J — l<9<91og|er| 2 is nothing but the curvature form of 
the corresponding line bundle, still denoted by E. Using the degenerate metric 
bound, one has 

^M? N > -N\a\ 2N (Co u E) > -C\a\ 2N -P, 

Remark 5.1. If we are in semi-ample case, with proper choice of the hermitian 
metric for the bundle (\ ■ \ above ), we can make sure that $ — eE > ( since the 
corresponding cohomology class is Kahler) where $ is the pullback of a Kdhler 
metric from the image of the map which is constructed from the semi-ample 
class [cot] ■ In this case, we also have better zero order bounds. Moreover, using 
Schwarz type of estimates as in we can have (d>4,<fr) ^ C. So now 

^M 2N > -N\a\ 2N {Q u E) > ~C\a\ 2N (a> t ,$) > -C\a\ 2N , 

which is better here but not going to make too much difference as one continues. 

Anyway, we arrive at 

{A* t -l)<\orS)>-C\ar-'.S-C 

+ 2Re(V| ( r| 2Ar , |a|- 2JV V(|a| 2Ar 5) - N\a\- 2 SV\*\ 2 ) - t 
= -C\a\ 2N ^S - C + 2Re(V(log| ( r| 2W ), V {\a\ 2N S)) ^ 

-N 2 \a\ 2N - A SMa\ 2 \ 2 . 
> -C\a\ 2N - 2 -?S - C + 2Re(V(logH 2 ^),V(H 2W S))- t , 

where we use |V|er| 2 | 2 < C\a\ 2 ~P for the last step0. 

Also as in [T3], we consider the (cu t ,e,^t) acted by the heat operator where 
cut,e is the perturbation for the "background" form. 

Had the metric control been uniform, one has 

(A 0t -^){{^Cj t ))^C-S-C. 
For our case, similar to S, we have instead 

\*\ 2N (A, t - |)«av,* t » > C\*\ 2N ^S C. 



7 The outside | ■ | is ujt- 
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The exact same procedure as done for S above gives us 

(A^-^XM^Ke,*,)) 

>C\a\ 2N+ P-S-C-C\a\ 2N -^u t , e ,u t ) 

+ 2Re(V|a| 2Ar , \a\~ 2N V(\a\ 2N {u t , e ,Q t )) - N\a\~ 2 {uj t ^ ^)V|a| 2 ) . ( 
> C|a| 2JV +^ - C + 2Rc(V(log|ar ), V(|a| 2W ( WM , u) t ))) . ( 

-C\a\ 2N - 2 -^uH, t ,uH). 
Properly choosing large constants N\ > N 2 > and C's, we have 

(A it -|)(|a| 2Jv ^ + qa| 2 ^K„^)) 
> C|a| 2 ^+^ ■ S - C - C^I^^-^Ke, w t ) 
+ 2Re(V(log|a| 2W 0,V(|a| 2 ^5)). t +2Re(V(log|a| 2 ^),V(qa| 2 ^(a; t , e ,^))). t . 

For TVi and N 2 , only need 27Vi - 2 - /? > 2N 2 + f3 at this moment. But they 
will be fixed later and large. 

Now apply maximum principle argument. At the (local in time) maximum 
point, for |cr| 2iVl 5 + C\<j\ 2N2 (oj t ,e,<^t), which clearly exists out of {a = 0} and 
assume is not at the initial time, one has V(\a\ 2Nl S) — — V(C\a\ 2N2 (u) ttC , u t )) 
and 

^ C\a\ 2N ^ 3 -S-C- CVI 2 ^- 2 -^,,, u t ) 

+ 2Re(V(log| CT | 2W 0,V(|a| 2W ^))^+2Rc(V(log| ( T| 2Ar2 ),V(q ( 7| 2 ^(^,o^)))- t 
- C\a\ 2N ^ 3 -S-C- C\<r\ 2N *- 2 -P(u; t ^ Q t ) 

+ 2Rc(-V(log| ( T| 2 ^)+V(log|a| 2 ^),V(C|a| 2Ar2 (^, £ ^ t )))^ 
^ C\a\ 2N ^ ■ S - C - C\(V(log\a\ 2 ),V(\a\ 2N H^ e ^ t })) 0t \. 

For the last term, we have 

|(v(iog|a| 2 ),v(|ar> t , e ,£ t >)).j 
= |(H- 2 vH 2 ,A 2 |a| 2 ^- 2 vH 2 K e ,^) + H 2 ^vK e ,^)) LD j 

<\{\a\- 2 V\a\ 2 ,N 2 \a\ 2N *- 2 V\a\ 2 (u t , e ,^ 

< C^-2-2+1+1-0-0 + | (T |2iV 2 -2 |v|(7| 2 | . | V (a, t , e , £ t >| 

< C\a\ 2N2 ~ 2 - 2 ' 3 + C\a\ 2N2 - 2+1 -% ■ IVKe,^)! 
Now one needs to realize that 

iVHe.Wt)! = |V(-F + A^ ie tt)| < |VF| + |VA^ >B (u)| ~ 2 + C^ 2 ' 3 S~ 2 

with F being a well controlled function. 
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Combining all this, we have at that maximum point, 

> C\a\ 2N ^ -S~C~ C\a\ 2N *- 2 - 2 P - C^^ 1 ^ ~ C\a\ w ^ x ~^ • Si 

For large enough N2, we have, 

> \a\ 2N *+r j ■ S - C(\a\ 2N *+P ■ S)i - C, 

and so |er| 2JV2+ ^ ■ S ^ C. For N\ even larger, we have uniform upper bound for 
|(r| 2Ari S' + C , |(T| 2A ' 2 (w t , £ , u>t) at that point and so it is true globally which provides 
the bound 

S^C\a\~ 2N K 

This gives local C 2,a bound for the metric along the flow, then parabolic 
version of Schauder estimates carry though to provide all the local higher order 
bounds. 
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